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Abstract 

In this paper we study the positivity of the generahzed g-translation 
associated with the g-Bessel Hahn Exton function which is deduced 
by a new formulation of the Graf's addition formula related to this 
function. 



1 Introduction and Preliminaries 

It is well known that the generahzed translation operator T associated with 
the Bessel function of the first kind is positive in the sense if / > 0, then 
Tf > 0. This property is easily seen when we write Tf as an integral 
representation with a kernel involving the area of some triangle ( [1] , [9] ) and 
has several applications in many mathematical fields such that hypergroup 
structure, heat equation.... 

In 2002, the appropriated g-generalized translation for the g-Bessel Hahn 
Exton function was founded [3] and the problem of its positivity asked. In 
literature we meet many attempts to show this property in particular case, 
nerveless they are no definitive response at to day. In [2] the authors prove 
that for the g-cosinus , the correspondent g-translation operator is positive 
if g € [0, go] for some qq. In this work and owing a new formulation of the 
Graf's addition theorem [7] we give an affirmative answer about this theme 
by a technic involving some inclusion of sets. 

To make this work self containing, we begin by the following preliminaries. 
Throughout this paper we consider < q < 1 and we adopt the standard 
conventional notations of [4]. For complex a We put 
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n-1 



(a;g)o = l, (a; g)„ = JJ (1 - ag*), n = I...00. 

j=o 

Jackson's g-integral (see [5]) over the interval [0, 00 [ is defined by 

/ f{x)d,x = ii-q) Q^'fiin- 

Jo n=-oo 

We denote by 

R+ = {g", neZ}, 
and we consider JOq^p^y the space of even functions / defined on such that 



Jo 



< 00. 



The g-Bessel function of third kind and of order v, called also Hahn-Exton 
function,is defined by the g-hyper geometric function (see [8]) 



Jy{x,q) = 



and has a normalized form is given by 



3v 



°° X ''Jy{x,q) = i4)i{0,q'"'^^,q,qx'^ 



n(n + l) 



2n 



n=0 



{q;q)n{q''^^;q)n 



It's an entire analytic function in z. 

In([2],[6]) the q-Bessel Fourier transform J^g^y and its properties were studied 
in great detail, it is defined as follow 

POD 

^q,vf{x) = c,,, / f{t)Uxt,q^)t^^^^dgt, 
Jo 

where 

l-q iq',q'U ' 

There is many way to define the g-Bessel translation operator [2 ],[3]. One 
of them can be enounced for suitable function / as follows: 

/•oo 

Tg,Jiy) = c,,. / J'g,vif)it)jvixt,q^)jv{yt,q^)t^''^^dgt, Vx,y € M+,V/ G 
^0 
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Now we say that is positive if TU > for / > 0. 
Let us putting the domain of positivity of T^^, by 

Qv = {q G]0, 1[, ,^ is positive for all x G M+}. 

Trough the result of [2], is not empty. So for q G Qv the g— convolution 
product of the two functions / and g € Cq^i^^ is defined by 

f *, 9{x) = c,,, / TlJ{y)9{y)y^-+^dgy. 
Jo 

To close this section we present the following results proved in [2] which will 
be used in the remainder. 

Proposition 1 



Theorem 1 The operator Tq^v satisfies 

1. For all functions f G ^q,i,v, 

J'lJix) = fix), VxeM+. 

2. If f e jCq^i,v and J^q^vf £ ^^en 

\\^q,vf\\q,v,2 = ||/||?,t;,2- 

2 The Graf's addition formula 

The Graf's addition formula for Hahn-Exton g-Bessel function proved by 
H.T.Koelink and F. Swarttouw [7] plays a central role here . It can be 
stated as follows. 

= 5;j,(i?gV2(.+.+fc),^)j^^^(^gi/2(.+fe+.)^^y^(gi/2(.-.)^^). 

and it is valid when z G Z and R,x,y,vE:C satisfying 
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This formula has originally been derived for v,x,y E R > hy the 
interpretation of the Hahn-Exton (/-Bcsscl function as matrix elements of 
irreducible unitary representation of the quantum group of plane motions. 
If we replace q by and R by q^ in the previous formula we get: 

Mqy+'+^+',q^)J,-.o{q^q^) 



and put 

m = y + z + v + r, 

so 

x + y + k + r = m + k + x — z — V, 

y + k + v + r = m + k — z, 

and we have 

Mq'-\q')J-,-Aq\q') 

This last formula is valid for 2; G Z and r,x,y,v G C satisfying 

1 + 23fi(r) + + 5R(y) = l+^{r)+^{m)-^{z)-^{v) > 0, ^{x) > -1. 

In the above sum we replace z — A; by A; we get 

Mq"',q'')J,.,iq\q'') 

= ^ J,.k{q'^+--''-^q')Jv+z-k{q"'-\q')Mq', q'), 

The sum in the second member exists for 

Vz e Z, Vm, v,xeC, ^{x) > -1. 
In fact there exist an infinity complex number r G C for which 

1 + sft(r) + 3fi(m) - ^{z) - ^(v) > 0. 
Now using the definition of the normalized g-Bessel function 



Mq',q') = ^V^^9^'Jx(«^9') = (1 - qK.q''Uq',q% 

yq 1 q 



„2\ _ W )oo „vk- f„k „2\ _ „^ „ „xk ■ ( „k „2^ 

)oo 



we obtain 



Let 

A = g", n G Z, 

and replace 

k ^ k + n,m ^ m + n, z ^ z + n. 

This implies 



We put 

J? z'^™ rr^^ — ^ — k(x+2) —mv - z(x -v) J / ^x—v+m—k J2\ J frr^—k „2\ 

^v,x[Q ' 5 ' 9 J — TT^"^;! ^ 'Jz-kVl ,q j'Jv+z-kKQ 

The Proposition 1 shows that the function: 

A ^ jv{q'^\q^)jx-v{q''\q^), Vm,ze Z, 

belongs to the space £-q,i,v Theorem 1, part 1 leads to the following state- 
ment: 

Proposition 2 For z,m and x,v E C satisfying 

^{x -v)> -1, ^{v) > -1 

we have 

roo 

3v{q'^\ q^)jx-viq'X, q^) = c,,, / E^^^iq"", q\ t)j,{Xt, q^)t'^+^dqt, 

Jo 

and 

POO 

EvAq"", q'^q'') = cg,x / J.(g"^A, g')i.-„(5^A, g')i.(g*^A, q^)X'-+^dgX. 
Jo 



3 Positivity of the ^-translation operator 

This section is a direct application of the previous one but before any things 
we recall that the g-translation operator possess the g-integral representation 
(see [2]) 

Proposition 3 Let f G jC-q^i^y then 

TlJiy)= / f{z)D,ix,y,z)z''-+'dgZ, 
Jo 

where 

/•oo 

Dv{x, y, z) = cl / jy{xt, q^)jv{yt, q^)jv{zt, q^)t^'"^^dqt. 
Jo 

When q tends to 1~ we obtain at least formally the classical one and 
the g-kernel Dy{x, y, z) tends to the classical one ([1],[9]) which involves the 
area of some triangle. Hence the positivity of T^^, is subject of those of 
Dv{x,y, z). A direct consequence of the above result is the fact that if the 
operator T^^^ is positive and / G ^g,i,v then T^^^f € ^q,i,v ( in general it is 
not true without this hypothesis). Indeed 

/•oo 

/ KJ{y)\y'''^'dqt 
Jo 

f'OO f'OO 

< TlJf\{y)y^^+%t = \f{z)\ 
Jq Jq 

Putting 

(j):tt-^ jy{xt, q^)jv{zt, q^), 

then we can write 

Dy{x,y,z) = Cq^^Tq^v4>{y)- 

This gives by the of the inversion formula in Theorem 1 the important result 
as the classical; one 

POO 

/ D,{x, y, z)y''-+^dqy = J^lJ{0) = <^(0) = 1. 
Jo 

Then we have 

/ KJiy)\y''"''dqt<\\f\\q,,,u 

Jo 

and we obtain 



Dv{x,y,z)y^''^^dqy 



JO 



dnZ. 
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In [2] and as a first preamble of this theme the authors proved that 

2(r—m,){k—m,)—m 

n , {^"^ r,^\ — ± m)+l \ 1 /r. 2(r--m)+l „. „2(fe-m)+l\ 

>9 ,g j - (1 - q){q-q)i ^ >9jooi0uU,g' ,q,q^ ) 

^ —rn 7 /- k—m \ 

= ]Tr^^ J2{r-m)[<i ,q), 

_ 1 

which imphes that the correspondent domain of Tq^x is given by 

Q_i =]0,qo], 

where qo is the first zero of the g-hypergeometric function: 

q i4>i{0, q,q,q); 

a second statement is easily given by the Proposition 2 with x = v = 
which gives 

/>oo 
JO 

= J_Do{q^,q^q''), 

Cq,0 

and then 

J,_fc((?™-^g2)]^ 

Hence we have 

Qo =]o,i[. 

Now we explicit the kernel in the production formula in terms of D^. 
Proposition 4 For n,m,k El, and —l<vwe have 

E.Aq'", g", q') = (1 - g) E , 2 

^ (r,r)i 

Proof. Prom the following formula (scc[7], §5) "which can be proved in a 
straightforward way by substitution of the defining series for the g-Bessel 
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functions on both sides, by interchanging summations, and by evaluating 
the q-binomial series which occurs" 



i=0 



(g "^9 )i i(2+x) 



where 3?(x — v) > —1 and K(a;) > — 1 we obtain 

oo 

(1 - q)cq,x-vjx-v{\q^) = (1 - q)cq,x^ 



- {q-'\q' ) 
(q^q^) 



i=0 



Put X = V and change A by g"A we obtain 

Mq-X, q') = (1 - g)c,,. J2 i 2 'V' q'^'^'''hv{M^\ q% 
which gives from Proposition 2 

EvAq"", q\ q") = c,,, / Mq^X, q^)jo{q''\, q')jv{q'X, q^)\'^+'d,X 
Jo 

/•oo 

/ J.(9"^A,g2)j,(g*+-A,g2)j^(g'=A,g2)A2-+id,A 
Jo 

oo / _2t, 2\ 

(1 - E ] 2 'l\ '^'^'''^DM'-,q'''\q'). 



1=0 



We justify the exchange of the signs sum and integral by 

OO 1/ 2\ I poo 



I / 2'/; z \ I 



i=0 

So we obtain the result. ■ 
Proposition 5 Let —l<v<0 then 

Qv ao,i[. 



< CO. 



Proof. For m,n,k eZ and — 1 < u < we have 

1 



(1 - q)Cq,v 

°o („-2v J2 



„—k(v+2)—mv T I „m—k J2\ j ( ^m—k „2\ 



(i-^)E 



{q^q^y 



i=Q 



lqii^+^v)j^^^^m^^i+n^^k 



In particular ioi m = n = k = 



1 



-Jo(l,(?2)J^(l,g2)_ 



(1 - g)Cg,„ 

We introduce the following function 

Let qi ~ 0.658 the first zero of (f)Q and consider the graph of the function 

■U HH- 0„(gi), VG[0, 1]. 



-1 -0.8 -0.6 X -0.4 -0.2 





—0.0 

■o.oi 
— o.o:i 

—0.0'. 

■0.0!i 
—0.0(1 
-0.07 



We conclude that for — 1 < < we have (j)v{qi) < 0. Then there exist a 
very small £ > such that <pv{qi — e) < and ^o(^i — e) > 0. Hence, this 
function 

5^ Jo(l,g')J^(l,g') <0, 
takes some negative values in the interval ]0, 1[, then for some entire z G N 

^±^q^^-^-")D^{l,q\l)<^. 



As 



{q 



-2v Jl 



{q\q^)r 

then Dy{l, g*, 1) < for some entire i G N. Which prove that 

Qv ao,i[. 

This finish the proof. ■ 
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Lemma 1 For x G and '^{v + t) > —1 we have 
Proof. In [6] the following result was proved 



(„l+v-t. J2\ 

Y: = feT^;Ti$f , ^{v + 1) > -1. 



oo 



Then we get 

^„l+D-t. „2 

fl - a)c V 0(1+''+*)'^ 7 fo" _ W 

l-L Q)Cq,v2_^q JvKQ ,<1 )- / 2 

Hence for x = ^ we have 

l-L Q)Cq,v 2_^q 3v{q 'y J - /„i+^+t. „2^ ■ 

This finish the proof. ■ 
Theorem 2 Let v > x > —1 then 

As consequence 

• IfO<v then Q„ =]0,ll 

• lf-^<v<0 then ]0, qo] C Qv QO, 1[. 

• //-I < u < -5 then Qy c]0,qo]. 

Proof. Let v > —1 and < /x < 1. We will prove that 

Qv c Qu^n, 

which suffices to show that Qx <Z Qv 'i^ x < v. In the following we tack 
q & Qv We have 

Cq,v+^,jv+^,{t,q'^) = Cq,vY^ ' V' q'^^"'^^^' Mtq\ q"^) , 

i=0 W > 5 
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and then 



''\,fco (^''^')^ ('?''^')^- 
X j^{tx, q^)jv{tq'-y, q'^)jv{tq^z, q^), 



which imphes 



ij=0 



{q'^,q^)i {q'^,q'^)j 



where 



/•oo 

Tv,w,a{x, y, z) = cl I jy{tx, q^)jw{ty, q^)jw{tz, q^)t^°'+^dqt. 
Jo 

Note that 

Tv,v,v{^^y^^) =Dv{x,y,z). 
The exchange of the signs sum and integral is vahd since: 



E q'^'^''^^'^'^ / \Mq"%q')\ \jviq''^%q')\ Uq'^H,q') 
i,j=0 

= ^ ,2(l+.)(.+,) / \j,iq"^t,q')\\Mq-^H,q')\ Uq'^H,q') t'^^%t 

^ poo 

+ X; / \jv{q^^%q')\ 3.{q'^H,q^) t'^^%t. 



i,j=Q 

Note that 



oo „i 
^0 

/ t'^'^+Uqt < OO, 
JO 
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and 



^ POO 

X; / \Mq"'t,q')\ \Uq^^%q')\ \Uq'^H,q') 

i,j=0 ^ 



i,j,r'=0 



j,r'=0 

where r' = r — 1. We write 



{l-q)J2q'^'+^^^'-^^ 



j=0 



j=0 

oo 



i=m— r 



<9 



-2(l+i))n 



Then 



j,r'=0 

oo 



s,r'=0 
oo 



r'=0 



2{l+v){r-k) 2{k+j-r) 



j=0 



s,r-'=0 



2{v+l){r-k) 



j=k—r 

oo 



^ r'=0 

Let < a < /X. We introduce the function Aa^n^y{x) as follows: 

POO 

Aa,iJ.,v{x) = Cq^^ / t^°'jy+^{t,q^)j^{xt,q^)t^'"^^dqt. 

Jo 
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Prom the inversion formula in Theorem 1 (t i— t'^'^jy+n{t,q'^) G J0.q^i^y) we 
get 

poo 

Cq,v I -Ace^fx,vix)j.,j{xt,q )x '"'^ dqX = t jv+iiip-i Q )• 
^0 

Let X <\. Prom Lemma 1 we obtain 



neZ 



iq^+^^,qW,Q')^ 



c,,,(i-g)x;(-ir 



/(i+l) 



„2i 



{q^+^-,qW,Q')^ 



.neZ 



2i 



(^q2(l+v+tj.)-2{a+v+l+i) ^ q2 



i=0 
oo 



,i(m) ^.(^2(M-a)^~2i^^2)^ 



„2i ' 



(g2(°+-+i+^),g2)^ 
> 0. 



Note that 

< fi - a <1. 

The exchange of the signs sum is vahd since. Indeed, let q^ = x then we 
have 



2ik 



oo 

i=0 

oo 

+ ^^-Ki+l)g2ifc 

?=0 

oo 

< ^gi(»+l)g2i/£ 



^2(a+i)+l+i)n 



(i+l) 2ifc 



i=0 



.n=0 

oo 

.n=l 

oo 

g2(a+t)+l)n 

.n=0 

oo 

g-2(«+-!;+l+i)n+n2 + (2v+2/i+l)n 

.n=l 
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One has to observe that the first sum exist. The second sum also: 



i=0 



(i+l)^2ifc 



.n=l 



-2{a+v+l+i)n+n'^ +{2v+2n+l)n 



-2(a+v+l+i)n+n'^+{2v+2ij,+l)n 



-2(a+v+l)n+{2v+2ij,+l)n+{2k+l)n 



n=l 
oo 

= E' 

n=l 

oo 

^ ^ q2{^l-a)n+{2k+l)n 
n=l 

U X > 1 then we obtain 



i=Q 



J2k+l){i-n) 



< ^ ^2(/i-a)n+(2fe+l)n 



n=l 



oo 
i=— oo 



2 (2it+l)i 



< OO. 



nez 



nez 

00 



,j=0 



(g2+2.,g2).(g2^g2). 



2ia+v+l+i)n-^^qn^^^2 



C,,„(l l)^^^2+2.+2M,^2).(^2^g2 



1=0 

00 

= ^(-1) 

1=0 

00 

-2(a+?;+l) 1M 



^g2(a+^+l+i)n^-^(-^n^^^2^ 
.neZ 

. (■^2(l+i;)-2(a+i)+l+i) ^ ^2-)^ 



-2i ' 



X 



(^2+2.+2M,g2).(g2^g2). 
„i(i+l) 



(g2(a+i;+l+j)^^2) 

-2i (g-'"g-'\g')< 



1=0 



(^2+2^+2M, g2) .(^2^ g2) . (g2(a+^+l+i) ^ ^2)^ 



< 0. 



Now, we write 



= Cq,v Aa,f,,v{x) Cq „/ jyj{xt, q^)jy{yt, q^)h{zt, q^)t^'"^'^ dqt 
JO V Jo 

foo r /'OO 

{yt,q^)j,+^{zt,q')t'^+'dqt 

Jo 1 Jo 

POO 

^0 
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To justify the exchange of the signs integrals we write 







\3v{yt,q^)\\jv{zt,q^)\tdqt 

1 

z 



Not that X H- > Aa^^^v{x) is continued at and 

\Ac,^t,,v{x)\ < \\jv+n{;q^)\\q,oo\\jv{;q^)\\qX<^+v 



On the other hand 



j"Xi 

I -^ajiijvix^X dqX 0, 

Jo 



then we obtain for all (5 > 



Jo 

In the following we assume that < y, z < 1. Let 



So = ^ inf r^,^+^,^(l, y, z) 

Not that 5q exist and strictly positive, indeed the following function 

{y,z) ^ T^^^+^,a{l,y,z) 
is continuous on the compact [0, 1] x [0, 1]. Hence, there exist 

{yo,zo) e [0,1] X [0,1] 

such that 

6o = r^,^+^,„(l, yo, zo) = „ inf r^,^+^,„(l, y, z) > 0. 
If we assume that r^^^+^^^,(l, yo? ^o) = then 

i,j=0 

which implies that 



Cq,v3^q,v t ^ jv{t, q^)jv{zot, q^) (g^o) = Dy{l, q'yo, zq) = 0, Vi G N. 
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Prom Proposition 1 and the fact that there exist ctq > such that 

we see that this function 

z ^ J^q^y t ^ jy{t, q'^)jv{zot, q^) {z) 
is analytic. Then for all x G Mq 

^q,v t jv{t, q^)jv{zot, q^) (x) = ^ j^{t, q^)jv{zQt, q^) =0, Vi G Mq, 
but this is absurd. Then > 0. Now we have 

^0 < r„,„+^,^(x,y,2;), VO < x < 1. 

If 



5q > {x,y,z), yx>l. 



then 



/•I r 

Jo 



+ J -^a,ij,,v {x) T^,v+n,v{x,y, z) 5q 

Otherwise, there exist s > such that 

5q> Ty^y+^^y{x,y,z), Vx > s. 

because 

\Tv,v-\-iJ,,v{x,y,z)\ < Cqv-\-fi^jv+iJi{-q ^" 

For 5 > 5o we obtain 

ii^^-iy-iZ)= I Aa^n^v {x) Ty^y^fi^^[x,y, z) — S 
Jo 



X^^'+^dgX > 0. 



'■v+fM,v+iJ,,v+a 



+ 



j ^a,^,v {x^ T^^^j^^^^(x iy 1 z^ 5 
= h{5) + h{6)+h{5). 



nX 



„x 
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Note that 

6 1-^ is a decreesing function tends towards — oo and Ii{6o) > 
< S H- > /2('^) is an increasing function tends towards +oo and /2(<^o) < 
6 I— Is{S) is an increasing function tends towards +oo and 13(60) > 

then there exist 6 > So such that 

h{6) + l2{6) = 

which impUes 

Tv+ij.,v+ij.,v+ai'i-,y,z) = his) > 0. 

In the end 

,v+iJ,,v+a 
„2 



a— >// 



Um 



q,v+iJ. 

00 



/ jv+ii{t, q^)jv+t,iyt, q^)jv+ij,{zt, q^)t 
JO 

\,+^{t,q')j,+^{yt,q^)j,+^{zt,q^){ Um 



Jo 

= Ty+ij,^v+i_i^y+a{'^,y,z) = Dy+ij,{l,y,z) > 0. 
It is not hard to justify the exchange of the signs integral and Umit, in fact 

jy+^{t, q^)jy+^{yt, q^)jy+^{zt, g2)t2{.+a)+l 
< 



g,oo 



Prom the fohowing identity 

Dy+^{x,y,z) = (1, ^, 

we deduce that 

Dv+ii{x,y,z) Va;,y,2:GM+. 



jv+n{t,q^)\ . 



The fact that 



leads to the result. 



Q-l =]0,«o] and go =]0,1[ 
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